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POLYNOMIALS OVER STRICT SEMIRINGS DO NOT ADMIT UNIQUE
FACTORIZATION
ALEXANDER AGUDELO
ABSTRACT. In this short note, we prove the claim of the title.
INTRODUCTION
It is well-known that the polynomial algebra over the tropical semifield does not satisfy unique
factorization. For example,
(T +1)(T 2+1) = T 3+T 2+T +1 = (T +1)3
are two different factorizations of the same polynomial. Note that this failure of unique factor-
ization should not be confused with the unique factorization property for tropical (polynomial)
functions, which holds since polynomials that define the same function are identified; also cf. the
comments at the end of section 2 in [3].
It is clear that the above example works for polynomial algebras over any idempotent semiring.
What is not so clear, and to our knowledge not mentioned in the literature yet, is that unique
factorization fails for polynomial algebras over any strict semiring.
Examples for which unique factorization fails are the polynomial algebra over the next semir-
ings:
• Any idempotent semirings.
• The natural numbers N.
• The non-negative real numbers R≥0,
• The ambient semiring (Thyp)+ = N[R>0] of the tropical hyperfield Thyp; cf. [2, Ex. 5.7.4]
for more details on Thyp.
• S0 = N[x,y]/(xy ∼ 1,x + y ∼ 1). This semiring is interesting since there is a semiring
morphism from S0 to R if and only if there is an element a ∈ R× such that a+ a−1 = 1,
and this last property leads to different cases in our proof.
THE THEOREM
A (commutative) semiring (with 0 and 1 is a set R with two constants 0 and 1 and two binary
operations + and · such that both (R,+,0) and (R, ·,1) are commutative monoids and such that
0 · a = 0 and a(b + c) = ab+ ac for all a,b,c ∈ R. A semiring R is strict if a+ b = 0 implies
a = b = 0 for all a,b ∈ R. It is without zero divisors if ab = 0 implies a = 0 or b = 0 for all
a,b ∈ R. An element in R is a unit if it has an inverse element in the multiplicative monoid of R.
The set of all units of R will be denoted by R×. A non-zero non-unit element of R is irreducible
if it is not a product of two non-units. The semiring R admits the unique factorization property
if it is without zero divisor and every non-zero non-unit element has a unique factorization into
irreducible elements, up to permutations and multiplication by units. The polynomial algebra over
R is the semiring R[T ] of formal sums ∑i∈N aiT
i, where there is n such that an = 0 for all i > n,
together with the usual addition and multiplication of polynomials.
Our main theorem is the following.
Theorem 1. Polynomial algebras over strict semirings without zero divisors do not satisfy the
unique factorization property.
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THE PROOF
Let R be a strict semiring without zero divisors, we know that R[T ] is without zero divisor
and the units of R[T ] are the units of R (cf. [1, Ex. 4.23]). This means, as usual, two irreducible
polynomials of different degree can not differ by a unit. Thus if we find one polynomial that
admits two different factorization into irreducible polynomials of different degree we are done.
Note that the polynomial T 5+T 4+T 3+T 2+T +1 admits the following two factorization
(T +1)(T 4+T 2+1) = (T 3+1)(T 2+T +1).
The next lemmas tell us when the polynomial above are irreducible.
Lemma 2. For all a ∈ R× and n≥ 1 the polynomial T n +a is irreducible.
Proof. It is obvious that T +a is irreducible. For n≥ 2 assume that T n +a is reducible, then there
are 1≤ m < n and c0, . . . ,cm−1,d0, . . . ,dn−m−1 ∈ R such that
T n +a = (T m + cm−1T
m−1+ · · ·+ c0)(T
n−m +dn−m−1T
n−m−1+ · · ·+d0).
Therefore c0d0 = a and ∑ki=1 cidk−i = 0 for all 1≤ k ≤ n−1. In particular, d0 is a unit. For k = m,
we get d0+∑
m−1
i=1 cidk−i = 0. Since R is strict, d0 = 0, which is a contradiction. 
Lemma 3. Either T 2+T +1 is irreducible or there is a ∈ R× such that a+a−1 = 1. In the latter
case, T 2+T +1= (T +a)(T +a−1).
Proof. Suppose that T 2+T +1 is reducible. Then there are c,d ∈ R such that
T 2+T +1= (T + c)(T +d).
This implies cd = 1 and c+d = 1. 
Lemma 4. Either T 4+T 2+1 is irreducible or there is a ∈ R× such that a+a−1 = 1. In the latter
case, T 4+T 2+1= (T 2+a)(T 2+a−1).
Proof. Suppose that T 4+ T 2+ 1 is reducible. Now we have two possibilities, T 4+ T 2+ 1 fac-
tors as the product of one linear and one cubic polynomial or as the product of two quadratics
polynomials.
In the first case, there are c0,d0,d1,d2 ∈ R such that
T 4+T 2+1= (T + c0)(T
3+d2T
2+d1T +d0).
Therefore c0d0 = 1 and c0+d2 = 0, which is impossible since R is strict.
In the second case, there are c0,c1,d0,d1 ∈ R such that
T 4+T 2+1= (T 2+ c1T + c0)(T
2+d1T +d0).
Therefore c0d0 = 1, c0d1+ c1d0 = 0, c1d1+ c0+d0 = 1 and c1+d1 = 0. Since R is strict, we get
c1 = d1 = 0, c0d0 = 1 and c0+d0 = 1. 
We are ready to finish the proof of Theorem 1.
If there is no a ∈ R× such that a+a−1 = 1, then Lemmas 2, 3 and 4 show that all factors in
(T +1)(T 4+T 2+1) = (T 3+1)(T 2+T +1)
are irreducible. Otherwise, we have
(T +1)(T 2+a)(T 2+a−1) = (T 3+1)(T +a)(T +a−1).
Lemma 2 implies that all factors in the above expression are irreducible. In both cases we have
found two different factorization of T 5+ T 4+ T 3+ T 2+ T + 1 into irreducible polynomials of
different degree. 
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